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Delay

e The most fundamental way to Input
compute delay is to develop a Voltage
physical model of the circuit of
interest, write a differential
equation describing the output
voltage as a function of input
voltage and time, and solve the
equation.

Vop

e The solution of the differential
equation is called the transient
response, and the delay is the
time when the output reaches

VDD /2

109-90% Transition Time
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Elmore delay

The step response e(t) at some node in a
circuit (and its derivative e'(t)) is shown in

left picture. (a) o
The time coordinate of the centroid of e'(t) 0 l
is the Elmore delay Tp
e'(t) A
(b) :
o) 0 ‘ :
Tp =f te'(t)dt , L
0 Ty

— f 00[1 —e(t)]dt %
0
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Elmore delay

The Elmore delay to node n; in the RC tree is:

T
Tpi= )Y R, Y Ch

JEPF, kedownstream(y)

Example:

+5(142+1+1+3+1)
+2(2+1+143+1)
+4(1+3)

+1(3)

= 45+16+16+3

= 80
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Asymptotic Waveform Evaluation

Moment of a transfer function

F(s) = f f(t)e stdt - The Laplace transform of a transfer function
0

o0 s%t? §3¢3 . . :
F(s) = /.;] f(t) [1~51+ TR +*~]df--MacLaur|n series expansion

o0 42

00 o . 3
= /U f(t)dt—ﬁ/ﬂ tf(f)dt+52fn % (t)dt__SS/D %f(”dt%—

= mg+myS+ mos® +msgs’ + -

F(s) = my + Emis"
i
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Moment matching

# Pade's approximation:

SHFIEZEHM.N, EEFEMnNEIESEL
14 Xk bpx® 1+ byx + byx2 + -+ b x"

R(x) =

Bf(0)=R(0), f(0)=R'(0), ED f"(0) = R™(0)

Let mD+m13+m_252+.,, = apg +ars+ -+ ay _13’?_]
1+b]S+---+bﬂ3f}

(mo+mys+mes®4 ) (1+bys+- A4 bys?) = aptays+- *+uq_13""']

mo + (my + moby)s + (m, + myby)s? + - = ag + a;s + a,s? -+
g9 ag = mo
ap = mp+ mgh
s° : as = mo+miby + mobs
-1, Ag—1 = Mg_1+ Mg 2b; + - -mby_y +moby—,
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MNA matrix

MNA matrix. (G +sC)X =E

G/ C: constant matrices (depend on the values of the RLC elements)

X: vector of unknowns

E: excitation vector

Represent X in terms of its moments

X2m0+m15+m232+m333+.“
When the excitation is §(t), we have E = Ej in the s domain

(G + sC)(mg + mys + mys* + ) = Eg
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Moment computation

(G + sC)(mg + mys + mys* +---) = Eq
Gmy + (Gmy + Cmy)s + (Gm, + Cmy)s* + --- = E,

Gmo = EO (l = 0)
The solution of Equation is identical to that of the original system when an impulse
excitation is applied, and is set s to zero.

Gm,; = —Cmi_l (V [ = 1)

This equation corresponds to the original excitation is set to zero, and a new

excitation of —Cm,;_4 is applied instead. Implies that the original circuit is modified

as follows:

1. All voltage sources are short-circuited and current sources open-circuited.

2. Each capacitor is replaced by a current source of value Cm;_4(V ), where m;_{(V )
is the (i — 1) moment of the voltage V. across the capacitor.

3. Each self or mutual inductance L;; is replaced by a voltage source of value

Lijm;_4(I;) on line i, where m;_,(I j) is the (i — 1) moment of the current through
inductor j.
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Example circuit

Moment calculation for a simple RC line

—

‘/l\}' R, 2:' R, é/\ i i (\5)

—AAAAM AAAMA—T—AAMAA AMAAN
2 3 - !
7 ! !
An example of an RC line.
LetR =10,C = 1F

mg = [v1 v, V3 V4 Vs iv]T
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Example Step.1

* Findingmg i.e.Gmyg=Ey (i =0)

All capacitors are open-circuited, o
' Q) 2 2
and the voltage source 1s replaced W oA o Sy L .
by a delta function in the time . ‘ I
: . Vs C &, Cs E=
domain. (corresponds to a unit
source in the s domain)

It 1s easily verified that no current ﬂ\
can flow in the circuit. @ 1

Therefore, the voltage at each mp=[11 111 0 ]T
node 1s 1.
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Example Step.2

* Findingm; ie.Gm;=-Cm;_q4 (Vi=1)
(D) Ri @ R

Capacitors is now replaced by a current ! u—l’ m{».»,l AAMA—T—AAAA
source of value Cijmg (V;) Vs d\) C I C, I Ca Il Cy I
The current in each branch can be @ ANAAN NN ® \/\A}W\,@—fwvl ®
calculated as the sum of all ! ' ‘" ' '
downstream currents |

So the voltage at each node: m=[0 -4 -7 -9 -10 —4]"
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Example Step.3

* Finding m,, my

-10
—‘\/\/’/\/\/\/—‘\/\/'\/\;'\/\f——-—-'v\’\. A"A%A A" '\/" V' @
éno é;sa %;75 v%;85
m, = [0 30 56 75 85 30 ]
mg = [0 —246 —462 —622 —707 —246]"
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Example Step.4

myg mqy m; ms
Vi1 0 0 O
Va1 -4 30 -246
V3| 1 -7 56 —462
Va1 -9 75 —-622
‘v5 1 -10 85 —707]
i, 0 -4 30 -246

—

v L \n ©»
W N = O

# Pade's approximation:

ap =My

a, = mq + myb,

a, = m, + myby + myb,

as; = m3 + myby + m{b, + myb;

Il

= 1
= b —-10
= by — 10b; + 85

= —10by + 85by — 707

®
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Example Step.4

ag a; bq b, m
ap = 1 -__]_ () () () 11 __].-
a, = b] - 10 ‘ O _1 1 0 10

0 = by—10b; + 85 0 0O -—-10 1 —85
0 = —10by + 85b, — 707 L0 0 85 —101L707.

!

np.linalg.solve({mat,cons)
array([ 1. , -B.46666667, 9.53333333, 18.333333331)

Latex(r"$H{ s)=\Ffrac{%d%.3fs}{1+%.3fs+%.3fs"21%"%(a0,al,bl,b2))

H(s) = 1 —0.467s
(s) 1+9.533s5+ 10.3335¢
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AWE second- and fourth-order approximations for the step response of a RLC circuit

Rt 25 L1 10nH R2 .01 L2 10nH R3 .01 L3 100nH

+
e c1—— C2—— G—— R4
— 1pF | - 1pF | - 1pF |- E§§4oo

- _
7.00T W awe 2.

5.00+

4.00-
3.00+
2.00

1004

; time
0.0 + + + } i
0.0 5.00e-09 1.00e-08

L. W. Pillage and R. A. Rohrer, "Asymptotic waveform evaluation for timing analysis",

®
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Limitations of AWE

(1) The Pade approximations can be numerically unstable
(higher moments becomes ill conditioned) .

« Pade via Lanczos process (improved numerical stability, but more
computationally expensive)

[Time: O(nmlogn), Space: O(m?) for m Order]

(2) Can not guarantee passivity

» Passive Reduced-order Interconnect Macromodeling Algorithm
(PRIMA).

« Arnoldi algorithm
« Pole Analysis via Congruence Transformations (PACT)
[Time: O(n'>), Space: O(nlogn)]
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